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Abstract. We give an explicit description of L-packets and quadratic base 
change for depth-zero representations of unramified unitary groups in two and 
three variables. We show that this base change is compatible with unrefined 
minimal ii"-types. 



1. Introduction 

Given a finite Galois extension E/F of finite, local, or global fields and a reductive 
algebraic -F-group G, "base change" is, roughly, a (sometimes only conjectural) 
mapping from representations of G = G(F) to those of G(E). When F is finite, 
or when F is local and G = GL(ro), then this mapping is the Shintani lifting (as 
introduced in and extended in JJjj ffSjj and 53 f° r finite groups). 

Correspondences like base change that are associated to the Langlands program 
can be difficult to describe explicitly, even in cases where they are known to exist. 
Bushnell and Henniart [SJ El |SJ [7] are remedying this situation for base change 
for GL(n) over local fields. Analogously, Silberger and Zink have made the 
Abstract Matching Theorem |HII22l l2] explicit for depth-zero discrete series repre- 
sentations. 

Suppose that F is ap-adic field of odd residue characteristic. If E/F is quadratic, 
and G is a unitary group in three variables defined with respect to E/F, then 
Rogawski (22] has shown that a base change lifting exists, and has derived some of 
its properties. Our goal in this paper is to describe base change explicitly for depth- 
zero representations in the case where E/F is unramified. Depth-zero base change 
is particularly interesting because it should be closely related to base change for 
finite groups. See |19| for an exploration of another special case of this phenomenon. 

In order to apply a technical lemma (Cor. l2~E)l . we will assume that the order q 
of the residue field kp of F is at least 59. From the lemma, character identities can 
be verified by evaluation at "very regular" elements. At such elements, character 
values are particularly easy to compute. Without the lemma, the verification of 
these identities involves evaluation at more general elements. Character values at 
these elements can be computed, but are far more complicated. 

Note that we assume that F has characteristic zero only so that we can apply 
results of Rogawski 23 . Our calculations apply equally well if F is a function field 
of odd residue characteristic. 
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Conjecturally, one should be able to determine the depth of the representations 
in an i-packet from the associated Langlands parameter. Thus, liftings that arise 
from the Langlands correspondence should preserve depth, if depth is normalized 
correctly. In particular, depth-zero representations should go to depth-zero repre- 
sentations. We assume this throughout for base change and for endoscopic lifting 
from £7(1,1) x £7(1) to C/(2,l). 

In <J21 we present our notation, review the general notion of Shintani lifting, 
describe how it applies to the representations of certain finite reductive subquotients 
of G, and list all of the representations of G of depth zero. In 21 we give an 
explicit description of the depth-zero i-packets and A-packets for G. In £j5j we 
determine the base change lift of each of these packets. In fj^l we examine the 
relationship between base change and K-types, as defined by Bushnell-Kutzko [H] 
and as described by Moy-Prasad [23 or Morris [20] • Recall that a (minimal) K- 
type (or simply a "type") of depth zero is a pair (G x ,&), where G x is a parahoric 
subgroup of G, and a is the inflation to G x of an irreducible cuspidal representation 
of the finite reductive quotient G x of G x . Since all of the data in this definition 
can be lifted in a natural way to similar data for G = G(E), we have a natural 
notion of base change for depth-zero types. Under the above assumption on the 
residue characteristic of the p-adic field F, we show that base change for depth-zero 
types is compatible with base change for representations (actually, A-packets of 
representations) : 

Theorem 1.1. Suppose II is a depth-zero A-packet for G, let tt denote the base- 
change lift of II, and let tt £ II. Suppose (G x , infl(<7)) is a type contained in tt. 
Then tt contains {G x , infl(<7)), where a is the base-change lift of a from G x to G x . 

Note that the pair (G x , infl(cr)) contains a type upon restriction to some para- 
horic subgroup of G x . Thus, either it is itself a type, or it carries more information 
than a type. 

In fJZ| we state a formula for the character of an induced representation. The 
formula itself is not new, but we need to assert that it holds for representations of 
groups that are not necessarily connected. 

In order to describe explicit base change for all representations of £7(2, 1) (not 
just of depth zero), one needs to understand depth-zero base change not just for 
£7(2, 1) but for unitary groups in two variables as well. We deal with this briefly in 

m 
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2. Preliminaries 

2.1. General notation and facts. For any nonarchimedean local field F, let Op 
denote its ring of integers, pp the prime ideal in Op, and kp — Op/pp the residue 
field. For any abelian extension E/F, let loe/f denote the character of F x arising 
via local class field theory. 

We will use underlined letters to denote algebraic groups and will drop the under- 
lining to indicate the corresponding groups of rational points. Given an algebraic 
F-group G and a finite extension E/F, let G = Re/f{G), where Re/f denotes 
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restriction of scalars. Similarly, if G is a fc^-group, G will denote R kE / kp (G). When- 
ever we use this notation, the extension E/F will either be specifed, or it will be 
understood from the context. 

For every nonarchimedean local field F and every reductive algebraic F-group 
G, one has an associated extended affine building B(G,F), as defined by Bruhat 
and Tits |3J^. As a G-set, B(G,F) is a direct product of an affine space (on 
which G acts via translation) and the reduced building £> rcd (G, F), which depends 
only on G/Z_, where Z_ is the center of G. Note that Z fixes B red (G, F). For any 
extension E/F of finite residue degree, B(G, F) always has a natural embedding into 
B{G,F) = B(G,E). To every point x £ B(G,F), there is an associated parahoric 
subgroup G x of G. The stabilizer of x in G contains G x with finite index. The pro- 
p-radical of G x is denoted G x +, and the quotient G x /G x + is the group of rational 
points of a connected reductive fcp-group G^.. These objects depend only on the 
image of x in £> rcd (G, F). Thus, in the case of a torus T, we may write To, Tq + , 
and T instead of T x , T x+ , and T_ x , since these do not depend on the choice of x. 
More generally, Go+ will denote the set of topologically unipotent elements in G. 

We now present an elementary fact about the building that we will use several 
times throughout this paper. 

Lemma 2.1. Let Z_ denote the center of G, and let j,z e B(G,F) have distinct 
images in B Icd (G_, F) . Suppose G y is a maximal parahoric subgroup, 7 £ G y , and 
the image 7 of 7 in G y is regular elliptic (i.e., 7 belongs to no proper hp-parabolic 
subgroup of G y ). Then 7 ^ ZG Z . 

Proof. First, suppose 7 £ ZG Z \ G z . From 10, Lemma 4.2.1], 7 does not fix z. 
Therefore, 7 must act on some line containing z via a nontrivial translation. By jl()l 
Cor. 3.1.5], 7 cannot fix y, a contradiction. 

Now suppose 7 £ G z . Then 7 £ G x for all x lying on the geodesic between y 
and z. For such an x that is close to but not equal to y, G x is a subgroup of G y , 
and the image of G x in G y is the group of fc^-fixed points of a proper parabolic 
subgroup. Thus 7 ^ G x , a contradiction, and the lemma follows. □ 

If G is a connected reductive group over a finite field, T is a maximal torus in 
G, and is a (complex) character of T, then let Rj9 denote the corresponding 
Deligne-Lusztig virtual character of G 12 . 

For any reductive algebraic group G defined over a local or finite field, we have 
the following notation. 

• 1g will denote the trivial representation of G. 

• St<3 will denote the Steinberg representation of G. 

• For any character ip of G, Stc('0) wm denote Stc • i>- 

• For any representation a of a subgroup hi of G, ind H a will denote the 
representation of G obtained from a via normalized compact induction. 

• If Z_ is the center of G and w is a character of Z, then let G(G, ui) denote 
the space of complex-valued, locally constant functions / on G such that 
the support of / is compact modulo Z, and f(gz) = f(g)ui(z) for all g £ G 
and z £ Z . 

• G rcg denotes the set of regular semisimple elements of G. 

• For any admissible, finite-length representation tt of G, let 8^ denote the 
character of 7T, considered either as a function on the set of elements or 
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conjugacy classes of G (of G reg in the local- field case), or as a distribution 
on an appropriate function space on G. 

• Suppose e is an automorphism of G. Then e acts in a natural way on 
the set of equivalence classes of irreducible, admissible representations of 
G. Suppose 7r is such a representation and 7r = 7r e . Let 7r(e) denote an 
intertwining operator from 7r to 7r e . If e has order £, then we can and will 
normalize 7r(e) by requiring that the scalar 7r(e) equal 1. Then 7r(e) is 
well determined up to a scalar £th root of unity. The e-twisted character 
of 7r is the distribution 6* Wj£ defined by 9- !r ^(f) = trace(7r(/)7r(e)) for / £ 
G£°(G). As with the character, the twisted character can be represented 
by a function (again denoted 0ir,s) on G (G rcg in the local-field case). We 
may regard $ n e as a function on the set of e-twisted conjugacy classes. 

Note that Wj£ still makes sense when 7r is an admissible, finite-length 
representation. 

• For any maximal torus T of G, let W(T, G) denote the quotient of T in 
its normalizer in G, and let Wf (21, G) denote the group of F-points of the 
absolute Weyl group Ng(T)/T. 

2.2. Shintani lifting. Suppose that E/F is a finite, cyclic extension of local or 
finite fields, T — Gsl(E / F) , and G is a connected reductive algebraic F-group. Let 
e denote a generator of T, and let I denote the order of F. Then one can define a 
norm mapping from G to G by 

x i—* x ■ e{x) e (x). 

If x is defined over F then, in general, the most that one can say about the image of 
x is that its conjugacy class in G is defined over F. If F is local and G has a simply 
connected derived group, then such a conjugacy class must have F-points [2"3| . 
Thus, an F-point x £ G determines a stable conjugacy class in G. Any stable, 
e-twisted conjugate of x determines the same stable conjugacy class in G. Thus, 
we have a map M^i F from the set of stable, e-twisted conjugacy classes of G to 
the set of stable conjugacy classes in G. If x commutes with its Galois conjugates, 
then we may and will define J\f—. F (x) £ G via the formula above. 

Call g £ G e-regular if Af(g) is regular. Let G £_rcg denote the set of e-regular 
elements. 

If n and IT are finite sets of representations of G and G, respectively, we say that 
LT is the Shintani lift (or base change) of II if 

0n, £ (5) = 0n(AA( 5 )) 

for all g £ G (all g £ G e ~ lcs in the local-field case) , where On and 8jj are non- 
trivial stable (resp. e-stable) linear combinations of the characters (resp. e-twisted 
characters) of the elements of LI (resp. II) . 

If T is an F-torus then for any character A of T, define the character A of T by 
A = Ao/Vf /F . 

2.3. Notation related to unitary groups. From now on, fix a nonarchimedean 
local field F of characteristic zero with finite residue field kp oi odd order q. Let 
E be the unramified quadratic extension of F. Let E 1 (resp. k l E ) denote the kernel 
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of the norm from E to F (resp. Ue to &f)- Let e denote the nontrivial element of 
the Galois group T = Gal{E/F). 

Let G denote a unitary group in three variables defined with respect to E/F. 
Then G is uniquely determined up to isomorphism, and we can and will assume 
that G is the unitary group defined by the Hermitian matrix 

/o o i\ 
<j> = o -1 o . 
V i o o/ 

Then 

G = G{F) = {g e GL(3, E) : g $ *(e( 3 )) = 

and G = GL(3, E). Let G denote the corresponding algebraic group over fop. Then 
G = GL(3,fc B ). 

Let Z denote the center of G. So, following our notational conventions, Z_ is the 
center of G. 

Let B = B(G, F) and B = B(G, F) = B(G_,E). Note that e acts on B, and we 
may and will identify the set of fixed points B £ with B. 

Since G is F-quasisplit, it contains F-Borcl subgroups. In particular, B must 
contain some e-invariant apartment A with more than one e-fixed point. Choose 
an e-fixed point y in an e-invariant minimal facet in A, and an e-invariant alcove T 
in A, such that the closure of T contains y. (Let F denote the set of e-fixed points 
of J 7 .) Then these choices determine an F-Borel subgroup B_ together with a Levi 
factor M of B_. Note that M is isomorphic to £ x x E 1 . We may assume that our 
choices of y and T allow us to realize B_ explicitly as the group of upper triangular 
matrices in G, and M_ as the group of diagonal matrices. 

The boundary of T contains two points: the previously chosen point y, and 
another point that we will denote z. Note that T is the direct product of a one- 
dimensional affine space and an e-invariant equilateral triangle A in the reduced 
building of G (which we will identify with a subset of B), y the e-fixed vertex of A, 
and z is the midpoint of the wall of A that is opposite y. In B, y and z are both 
vertices, but only y is hyperspecial. 

Consider the map A: U(l) — > G given by 1 1— > diag(l,t, 1). Since £7(1) = GL(1), 
we actually have a one-parameter subgroup of G. In the usual way, A determines a 
parabolic F-subgroup JP = P x of G, together with a Levi decomposition of P. Let 
H denote the corresponding Levi factor. Then H_ is the group of invertible matrices 
of the form 

This subgroup arises via restriction of scalars from a subgroup Fl of G. Note that 
H_ is an F-Levi, but not F-Levi, subgroup of G. It is an endoscopic group for G, 
isomorphic to 17(1, 1) x U(l). 

Similarly, we can define a subgroup JH of G and a parabolic fc^-subgroup P of G 
with Levi factor H.- Note that G y = G and G z = H . 

Up to conjugacy, H_ contains two F-tori that are isomorphic to Z7(l) x U(l) x U(l). 
The group of F-points of one of these tori fixes a hyperspecial vertex, and the group 
of F-points of the other fixes a non-hyperspecial vertex. Pick such a torus whose 
F-points fix y (resp. z) and call it C (resp. C'). Given the right choices, we can 
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and will realize C as the set of matrices of the form 



( 71+73 g 71 -73 
72 
71 — 13 Q 71+73 

where % £ £7(1). We define the torus C C G similarly. We identify C_ (and similarly 
C) with £7(1) x £7(1) x £7(1) via the map 7 i— > (71,72,73)- We will realize Cf as 
vCy~ l , where 




\ 
10 

/ 



(The ambiguity in the choice of square root of w F has no effect.) 

Let B y (resp. B z ) denote the Borel subgroup of (resp. G 2 ) determined by T. 

For any F-group L, let Af— = A/"Jy F . When L = G,we simply write Af. Similarly, 

for any fci?-group L, let Af- — Afj7 E / kF ■ When L. = G, we simply write Af. 

For any subgroup S_ C G, let dets denote the restriction of the determinant to 
S_. We will omit the subscript when it is clear from the context. Similar notation 
holds for subgroups of G. 



2.4. Cartan subgroups of G. For a quadratic extension L/K, denote by £7(1, L/K) 
the unitary group in one variable over K defined with respect to L/K. Up to stable 
conjugacy, there are four kinds of Cartan subgroup of G. In the notation of |23|. 
they are isomorphic to: 

C3-0) R E/F (GL(1)) x U(1,E/F), 

Q3-1) £7(1, E/F) x U{l,E/F) x £7(1, E/F), 

(23-2) R E/F (U(1,EK/K)) x £7(1, E/F) for K a ramified quadratic extension of 
F, 

ipU-3) R L/F (U(1, EL/L)) for L a cubic extension of F. 

2.5. Representation theory of G, H, and C. A reference for much of this section 
is E3. 

Representations of G. Let B denote a Borel subgroup of G with Levi factor M , and 
let 9 be a character of M. Then the induced representation indg^ is irreducible 
except when 6 extends to a character of H. In this case, the induced representation 
is a sum of two irreducible components. If 9 extends to a character 9q of G, then 
these components are 9 and Stc(#o)- 

Let L denote a cubic unramified extension of E. Then G contains a torus S 
that is isomorphic to the kernel of the norm map from k F L to ki, . Let T be either 
S or C. For any character 9 of T with trivial stabilizer in Wfe F (T,G), we have a 
Deligne-Lusztig cuspidal representation whose character is —Rj9. For T = S, we 
will call such representations "cubic cuspidal representations." 

The other irreducible representations of G have the form t • ip, where r is the 
cuspidal unipotent representation and ip is a character. 
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Representations of H. As above let B be a Borel subgroup of G with Levi factor M 
and let 9 be a character of M. The induced representation indg nH is irreducible ex- 
cept when 8 extends to a character 9\ of H . In this case, the induced representation 
is the sum of 9\ and StH(6>i). 

The remaining representations of H are the Deligne-Lusztig cuspidal represen- 
tations, whose characters are of the form —Rq9 for 9 e Hom(C,C x ) in general 
position with respect to the action of Wk F (C, H.) . 

Representations of C. We will need a technical result on linear combinations of 
characters of C. Let A be a finite abelian group of order n, and let xi> • • • > Xn be 
the irreducible characters of A. The following three lemmas concern characters of 
products of copies of A. 

Lemma 2.2. Let 

n 

f = ^2a lXt7 
i=i 

where a, G C. Suppose that f vanishes off of a subset of A of size 2. Then either 
f = 0, or the number of i such that ai ^ is at least n/2. 

Proof. Let {a, b} be the above subset of A. We have 

na t = n ■ (f,Xi) = f(a)Xi(a) + f(b)Xi(b)- 

Assume / ^ 0. If f(b) = 0, then for all i, a, = f(a)xi(a)/n ^ 0. If f(b) ^ 0, then 
ai 7^ unless x^&a -1 ) = ~/( a )//(k)- Since ba^ 1 ^ 1, this equality holds for at 
most n/2 values of i. □ 

Lemma 2.3. Let N be the subset of A x A consisting of all elements (a, b) such 
that a^b. Suppose that for some aij e C, 

vanishes on N . Then either f = or at least n of the are nonzero. 

Proof. Assume / ^ 0. Fix aei. Evaluating / at (a, b) for b ^ a, we obtain that 
the function 

on A vanishes on A — {a}. It follows easily that either this function vanishes on A, 
or for all j, the coefficient cLijXi{ a ) 1& nonzero. The former case cannot happen 
since / ^ 0. In the latter case, it follows that for all j, at least one coefficient a^ 
must be nonzero. Hence at least n of the must be nonzero. □ 

Lemma 2.4. Let N' be the subset of Ax A x A consisting of all elements (a, b, c) 
such that a, b, and c are distinct. Suppose that for some a^k € C, 

/ = aijkXi ® Xj ® Xk 

i,j,k 

vanishes on N' . Then either f vanishes on Ax Ax A or at least n/2 of the 
are nonzero. 
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Proof. Assume / ^ 0. Fix a ^ b in A. Then the function 

Y2 [Yl a ^ kXt ( a )*j ( 6 ) J Xfe 

on A vanishes off of {a, 6}. Hence, by Lemma \'2. 21 either this function vanishes on 
A, or for at least n/2 values of A;, the coefficient J2i j a ijkXi( a )Xj{b) is nonzero. In 
the latter case, for each such k, at least one coefficient ciijk must be nonzero. Hence 
at least n/2 of the a%jk are nonzero. 

We may therefore assume that the former case holds for all pairs a ^ b. By the 
linear independence of characters, the coefficient J2i j a ijkXi( a )Xj(b) must vanish 
for all k and all pairs a ^ b. Since / ^ 0, avyh 1 7^ f° r some i',j',k'. Thus the 
function . a^yXi ® Xj on ^ x A vanishes on the set JV of Lemma [2.31 but it 
does not vanish on Ax A since ai>j'k> ^ 0. Hence Lemma 12.31 implies that at least 
n of the coefficients a^k' must be nonzero. □ 

Corollary 2.5. Suppose that 

a xX 

X € Hom(C,C x ) 

vanishes on C(~l G 168 , where a x G C. T/ien either this linear combination vanishes 
on C or at least (g + l)/2 o/ i/ie a x are nonzero. □ 

Corollary 2.6. Suppose that q > 59, and let f — ^2 a xX be a linear combination 
of at most 30 characters of C. If f vanishes on CD G I0g 7 then f vanishes on C. □ 

2.6. Shintani lifting for G and H. According to |27j, the irreducible characters 
of G are of the form ±R^ 8, where L is the connected centralizer of some semisimple 
element of G, and 9 is the twist of a unipotent character of L by a one-dimensional 
character in general position. Moreover, one obtains a cuspidal character of G 
precisely when L is an elliptic torus or when L = G and 9 is a twist of the unique 
cuspidal unipotent character of G. 

By j!7j , our assumption that kp has odd characteristic guarantees the existence 
of Shintani descent from G to G. In Digne gives a general proof that Shintani 
descent is compatible with Deligne-Lusztig induction. In particular, if a is an 
irreducible representation of G with character ±R^6 (9 a character of L), then the 
character of the Shintani lift a of a from G to G is of the form ±R^9, where 9 is 

the Shintani lift of 9. Now L is a Levi factor of a parabolic subgroup of G unless 
L is isomorphic to the torus S defined in M2.5I Hence a is a parabolically induced 
representation unless L = S or L = G. In the former case, S is an elliptic torus 
isomorphic to k^ L and a is cuspidal. In the latter case, a is a one-dimensional 
representation (p o detc, a twist Stc(<y5 ° detc) of the Steinberg representation, or a 
twist r{tp o detc) of the cuspidal unipotent representation. One shows easily that 
the Shintani lift a is, respectively, dp o detg, Stg(y> o detg), or f{dp o det^), where f 

is the unipotent representation of G not equivalent to or Stg. The remaining 
representations of G are those whose characters are of the form R^9. By ^3], the 
Shintani lifts of such representations are representations induced from P. Hence the 
cubic cuspidal representations of G are exactly those irreducible representations of 
G whose Shintani lifts are cuspidal. 
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We now consider Shintani lifting for irreducible representations of H. From ^ 12.51 
most such representations have characters of the form ±RjQ. From Digne ^3], the 
Shintani lift of such a representation has character ±R~.9. 

The remaining representations of H are the one-dimensional representations (p o 
detjH and the Steinberg representations StH(<^ ° det^). It is easy to see that the 
respective Shintani lifts of these representations are <p o detp and St|-i(<j5 o detp). 

2.7. Depth-zero representations of G. 

Principal series of G. For A G Hom(Af, C x ), there exist unique characters Ai G 
Hom(£; x ,C x ) and A 2 G Hom( J B 1 ,C x ) such that 

(2.7.1) A^Yo/JO ^ = X 1 (a)X 2 {aa- 1 (3), 

where a G E x , (3 G E 1 . By JSJj ind^A is irreducible except for in the following 
cases: 

G3>s-i) Ai = | • if 1 

(E2PS-2) Ai| F x =lj e /f\-\$ 1 

(|2.7P S-.3) Ai is nontrivial and Ai|^x is trivial. 

In case H2.7P S-1V ind B A has two constituents: the one-dimensional representa- 
tion if; = \ 2 ° det, and the square-integrable Steinberg representation Stc(V')- 

In case H2.7P S-21. ind^A also has two constituents: a square-integrable repre- 
sentation 7r 2 (A) and a non-tempered unitary representation 7r™(A). 

In case H2.7P S-3~). ind^A decomposes into a direct sum 7Ti(A) 7r 2 (A). 

By [2T], ind^A has depth zero if and only if A has depth zero. 

Other representations of G. Since G has no non-minimal proper parabolic sub- 
groups, the remaining irreducible representations are all supercuspidal. From ei- 
ther or j^U] , we know that all such representations have a unique expression of 
the form ind^er, where x = y or z, and a is the inflation to G x of an irreducible 
cuspidal representation a of G x . The representations a are classified in t !2.5l Based 
on this classification, we have the following kinds of supercuspidal representation 
of depth zero. 

(J^2BC— 1) indg^cr, where a is a cubic cuspidal representation of G y = G. 

(12. 78 0-21 indg <r, where a is a cuspidal representation of G y with character —Rq v <p 

and ip = (pi ® (f2 <8> <p>3 is a regular character of C (with respect to 

W kF (C,G y )). 

(I2.7B C-3') indg^cr, where a is the twist r • (ry o det) of the cuspidal unipotent rep- 
resentation r of G y , and n G Hom(fc]j, C x ). 

(|2.7H C -4~) indg cr, where cf is a cuspidal representation of G z = H with character 
—R^Jtp and 99 = <y9i ^2 ® 953 is a regular character of C' (with respect 
to Wk F (C', G z )). Recall that, according to our notational conventions, 
C' is the finite reductive quotient of the (unique) parahoric subgroup of 
C'. 
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3. Description of depth-zero L-packets and explicit base change for 
unitary groups in two variables 

In this section we give brief descriptions of the depth-zero L-packets for the 
quasi-split group [7(1, 1){F) and the compact group U(2)(F), as well as their base 
change lifts to GL2(E). We omit the proofs as they are entirely analogous to (but 
less complicated than) those for [7(2,1). Let H_° be the group £7(1,1), which we 
will view as the subgroup of H_ consisting of all matrices of the form 

/ * o * \ 

10. 

V * o * / 

For every subgroup L of G, let LP denote the subgroup L n 77° of 77°. Let 77 1 
denote the compact inner form 17(2) of H°. Note that H°(F) = H_ (F) = Gh 2 (E). 

From our descriptions, it will be clear that the analogue of Theorem 11.11 holds 
for unitary groups in two variables. 

3.1. Depth-zero L-packets for [7(1, 1). The i-packets of 77° are the PGL 2 (F)- 
orbits on the set of equivalence classes of irreducible admissible representations of 
77° [231 §11.1]. We first describe the principal series L-packets. 

Let A € Hom(M°,C x ) = Hom(E x ,C x ). According to [231 Sll.l]. the principal 
series ind B o A is irreducible except in the cases 

(1) A| F x =|-|| X 

(2) A| F x = uj E /F- 

In the first case, ind B o A has two constituents: the one-dimensional representation 
ip = [i o det, where jj, o J\f = A| • l^ 1 ^ 2 , and the Steinberg representation St^VO- in 
the second case, ind^o A decomposes into a direct sum 7i"i(A) © 7r 2 (A) of irreducible 
representations. By |21|. ind B oA has depth zero if and only if A has depth zero. 

The principal series L-packets of G are as follows [231 §H-1]- (Here A and ip 
denote one-dimensional representations of M° and H°, respectively.) 

ttO ttO 

(1) {ind B oA}, where ind B oA is irreducible; 

(2) W; 

(3) {St ff0 (VO}; 

(4) {tti(A), 7T2(A)}, where ind^oA is reducible of the second type described 
above. 

The remaining irreducible representations and L-packets of G are all supercus- 
pidal. The depth zero supercuspidals of H° have a unique expression of the form 

ttO ... n 

mdjjocr, where v = y or z, and a is the inflation to of an irreducible cuspidal 
representation a of H°. Let C° be C n H° if v = y, and C' n H° if v = z. Then 

_ |_|0 

the character of such a representation a must be of the form —R^ip, where tp is 

a character of C° in general position. Since C° = k\ x kg, we may view any such 
character as having the form ip\ ® ip%, where the <fi are distinct characters of k x E . 

Fix a cuspidal representation a of H . Viewing it as a representation of H°, we 
inflate it to a representation a v of H®. Let ir v = ind^ocr^. Then {7r y ,7r z } is a 
depth-zero supercuspidal L-packet of H°. Conversely, all such L-packets are of this 
form. If Tiy and ir z are formed from the character (p\ ® of C° as above, then for 
future reference call this L-packet 11° . 
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3.2. Base change lifts for U(l, 1). By [231 §H-4], the base change lifts of principal 
series L-packets of H° are as follows. Let A £ Hom(A/°, C x ). 

(i) IfindfoA is irreducible and ind^ A is irreducible, then the base change lift of 
the L-packet {ind B oA} is ind^ A. 

(ii) If ind^ A is irreducible but ind|[ A is reducible, then A| F x = | {p^oje/Fj and 
the base change lift of the L-packet {ind^o A} is A| l^ 1 ^ 2 ° det. 

(iii) If \\ F x = I • l^ 1 , let V be the one-dimensional representation ^odet/fo, where 

/i o TV = A | ■ I^J 1 ^ 2 . Then the lift of the L-packet consisting of the constituent 

ip (resp., the Steinberg constituent St^o(V')) of ind^o A is the one-dimensional 

constituent = (A| • l^ 2 ) ° det^-o (resp., the Steinberg constituent St^ ($)) 
fvo ~ 

of indjj A. 

(iv) If A| F x = lue/f, then the lift of the L-packet {7ri(A), 7r 2 (A)} is ind^ A. 

The base change lift of the depth-zero supercuspidal L-packet 11° 1 is the prin- 
cipal series representation ind B0 (p*, where ip* is the character <p>xu>E'/E <8 (p2^>E' /e 
of E x x E x = M°. Here, E' is an unramified quadratic extension of E, and 0i is 
the inflation to E x of the character (pi of k E . 

3.3. Depth-zero L-packets for U(2). Since H 1 is compact, it has only one para- 
horic subgroup (and in fact is equal to it). The finite reductive quotient H is 
isomorphic to k l E x k E . Thus, every irreducible, depth-zero representation of H 1 
has the form infl(<^i <g) 1P2), the inflation to H 1 of a character of H 1 . 

Let 

j {{infl^i ® tp2) 1 vnft(tp 2 ® tpi)} ii(pi^<p2, 

Vl "' P2 [{inn((^i <X> ip 2 )} ittp 1 =tp 2 . 

Then we declare the 11^ lfi2 to be the L-packets for H . These L-packets are chosen 
so as to make the correspondence JL given in H3. 41 work properly. 

3.4. Base change lifts for U (2) via a Jacquet-Langlands-like correspon- 
dence. Since H_ 1 is an inner form of LT° , we can obtain a base change lift if we can 
associate each L-packet for H 1 to one for H°. This association will be similar to the 
Jacquet-Langlands correspondence (or "Abstract Matching Theorem" jl 11 1221 12*]). 
That is, given an L-packet II 1 for H 1 , we want to find an L-packet II for H° such 
that 

(3-4.1) Yl 6 ^9i) = ± E 9 M 

for all regular g\ £ H 1 and go £ H° whose stable conjugacy classes are associated 
in a natural way. 

Define a map JL from the depth-zero L-packets of H 1 to those of H° by 

if <p\ 7^ <p2. If (p — <pi — f2, then we define JL(II* „ 2 ) as follows. Form the 
character ip o J\f of k E , which we can then inflate to a character A of E x . Now 
let JL(n* ) be the Steinberg component of ind^o A| • \p- More specifically, this 
representation is St H o (fi o det), where fx oJ\f = A| • \p, as in H3.ll 
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It is not difficult to see that JL is the only correspondence that satisfies (|3.4.1|) 
for all gi € H 1 whose image in H is regular. Thus, if we assume that there is 
a Jacquet-Langlands-like correspondence from the depth-zero L-packets of H° to 
those of H 1 , then it must be JL. 

4. Description of depth-zero L-packets and A-packets for G 

In almost all cases, L-packets and ^-packets are the same. In one case (see 
below), a certain principal series L-packet is enlarged to form an A-packet. Thus, 
while the L-packets constitute a partition of the set of equivalence classes of irre- 
ducible representations, the ^-packets do not. 

4.1. L-packets consisting of principal series constituents. The following propo- 
sition is due to Rogawski |23l §12.2]. 

Proposition 4.1. The L-packets of G that consist entirely of principal series con- 
stituents all have one of the following forms (where A andip denote one- dimensional 
representations of M and G, respectively): 

■ 1-1) {ind^A}, where ind^A is irreducible; 
O 3) {St G (^)} ; 

\4--l ~4) { 7r i(-^); 12(A)}, where ind G A is reducible of type (|2.7P S-3L 
&l\-5) {7r n (A)} ; where ind^A is reducible of type lj5!7PS-2). 

In the last case, 7T n (A) is contained in the ^-packet 11(A) = {7r"(A), 7r s (A)}, 
where 7r s (A) is the supercuspidal representation that sits inside an L-packet with 
the square-integrable principal series constituent 7r 2 (A). In the depth-zero setting, 
the representation 7r s (A) will be explicitly described in H4.3I 

4.2. Singleton supercuspidal L-packets. In this section, we characterize the 
stable supercuspidal representations of G of depth zero in terms of inducing data. 



Proposition 4.2. A supercuspidal representation ir of G of depth zero is stable 
if and only if tt is of the form ind^ cr, where a is the inflation to G y of a cubic 
cuspidal representation a of G y . 

Proof. Let tt be a representation of the above form. Let 7 be an element of G reg 
and let 7' be a stable conjugate of 7. We will show that 

(4.2.1) 0,(7) = e n {i). 

The conjugacy classes contained within the stable conjugacy class of 7 are parametrized 

by 

Ker{iT 1 (F,O y )^.ff 1 (F,G)} 
(see (221 §3.1]), where G 7 is the centralizer of 7 in G. If 7 is contained in a Cartan 
subgroup of G of type j2.4K 3) or Q2.4H 3). then this kernel is trivial by [231 §3-6] so 
any stable conjugate 7' of 7 is a conjugate of 7. Hence 0,(7) = 9^{^'). Therefore, 
we may assume that 7 is contained in a Cartan subgroup T of type Q2.4H ) or 
(231-2). 

For any regular, depth-zero X in the dual of the Lie algebra of a cubic torus in 
G, the germ g 0+ coincides with a constant multiple of the Fourier transform of 
the orbital integral corresponding to X. (This follows from Corollaire III. 10 and 
Proposition III. 8 of [2H1- It also follows from the proof of the main theorem of [I].) 
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The Weyl group of a cubic torus acts via the Galois group, so two regular elements 
of the torus are conjugate if and only if they are stably conjugate. Moreover, 
every stable conjugate of a cubic torus is conjugate to it. Therefore, this orbital 
integral is stable. From |2H], the Fourier transform of a stable distribution is stable. 
Thus, 0t T \o o+ is stable. If z G Z, it is clear that 6^(72:) = d^^'z) if and only if 
M7) = e *h')- T hus, 8 7T \zg + is stable. 

It follows that l|4.2.1|) holds if 7 G ZT 0+ . Therefore, suppose that 7 ^ ZT 0+ . We 
will show that 8^ vanishes at all stable conjugates of 7 (including 7 itself), thus 
establishing H4.2.1f> . Let 7" be a stable conjugate of 7. If no conjugate of 7" is 
contained in G y , then ^(7") = from Proposition 17.11 So assume 7" G G y . It 
follows easily from our assumptions on 7 that the characteristic polynomial of the 
image 7" of 7" in G y is reducible over Ue and that its roots are not all the same. 
But then the semisimple part of 7" is not contained in a cubic torus of G y so, by [27J 
6.9], it follows that 6^(7") = 0. Thus 6^ (7") = by Proposition O 

Conversely, suppose that 7r is not of the form given in the statement of the 
proposition. By the classification in > I2.7I it follows that it is of type (j2.7H C-2). 
(J23EC-3), or (J22BC-4). 

Let 7 = (71,72,73) G G C G y have regular image 7 in G y . Let 7' G G z be the 
conjugate of 7 by ^ (see ^2.3|l . Then 7 G G rcg , and 7 lies in a unique maximal 
parahoric by Lemma 12.11 namely G y . Also, the image 7' of 7' in G 2 is regular 
elliptic, so that 7' is not contained in any parahoric other than G z . We note that 
7 and 7' are stably conjugate elements of G that are not conjugate in G. 

If 7r is of type (|2.7H C-2) or (|2.7H C-3). then 7r is compactly induced from the 
inflation a to G y of a non-cubic cuspidal representation a of G y . Thus ^(7') = by 
Proposition l7.1l since 7' is not contained in any conjugate of G y . On the other hand, 
since the only conjugate of containing 7 is G y , 6^(7) = #,7(7) by Proposition l7.ll 

Suppose that it is of type (j2.7H C-3). i.e., a = t ■ (rjo det) where r is the cuspidal 
unipotent representation of Gj, and 77 G Hom(fc^ , C x ). Then 

6a(j) = 2(77® 77® 77X7) 7^ 

by p. 31]. On the other hand, suppose that 7r is of type (|2.7B C-2'). i.e., the 
character of <r is ~Rq v f, where tp — (pi ® (^2 ® <P3 is a character of C in general 
position. Then, by g3 6.9], 

^(7) = - $3 ™(Vi®^®V3)(7)- 
wew kF (c,G y ) 

An easy application of the character theory of abelian groups shows that there is 
some 7 of above type for which this sum does not vanish. Thus if 7r is of type 
(12.78 0-2) or l|2.7l jC-3'). then ir is not stable. Similarly, if n is compactly induced 
from G z (i.e., ir is of type H2.7b C-4l1. then one can find stably conjugate 7 and 7' 
such that #x(7) = 0, but 6*^(7') 7^ 0. Hence 7r is again not stable. □ 

4.3. Non-singleton L-packets containing supercuspidals. Let 7 G C be a 

regular element of G whose image 7 in C is a regular element of G y . Let 7' G C 
be the conjugate of 7 by /v. Since 7 G G and 7 G G are regular elliptic, Lemma |2~T1 
implies that 7 lies in a unique maximal parahoric subgroup, namely G y . Similarly, 
7' is not contained in any parahoric subgroup other than G z . The following lemma 
then follows easily from Proposition l7.ll [271 6.9], and ^| p. 31]. 
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Lemma 4.3. Let ir be a supercuspidal representation of G of depth zero. Then, in 
the notation of §2. 7\ 

w {ifl®<P2®<P3)(7) if tt is of type 

wew kF (CG y ) 

2(77 <g> 77 ® 77) (7) i/ 7T is 0/ it/pe P77BC-31. 

if it is of type ([22£C-4) 7 

'0 £/tt is o/fype 

i/tt is o/fype P77BC-3). 

®ip 2 ® ip$)(i) ifir is of type (E2£C-4). 



r(7) 



E 

™ewV(C',Gj 



There are two types of non-singleton L-packets containing a supercuspidal rep- 
resentation of G of depth zero as discussed in ij2.7l namely, the non-supercuspidal 
L-packets of size two and the supercuspidal L-packets of size four. An L-packet II 
of the former type consists of the unique square- integrable constituent 7r 2 = 7r 2 (A) 
(see H2.7f) of a reducible principal series of type (|2.7l r'S-2') together with a corre- 
sponding supercuspidal representation 7r s = 7r s (A). Here A is a depth-zero character 
of M such that Ai| F x = u>e/f\ 1 If 1 - Recall the characters Ai <E Hom(L x ,C x ) and 
A 2 G Hom(£' 1 , C x ) determined by A according to (|2.7.1|l . Let Ai and A 2 denote the 
associated characters of k E and k E , respectively. 

Proposition 4.4. Let X be a depth-zero character of M such that Xi\fx =u>e/f\' 
Ip 1 . Let X[ denote the character of k E such that X[oJ\f = Xi. 

(i) If Xi is trivial on O e , then tt s (X) — ind^cr, where a is the inflation to G y 

of the representation t ■ (A 2 o det) of G y . 
(ii) If Ai is nontrivial on O e , then 7r s (A) = ind§ cr, where a is the inflation to 
G z of the representation of G z whose character is 

-i?gf(A 2 ® AiA 2 ® AiA 2 ). 

Proof. We determine the supercuspidal representation ir s — ir s (X) by computing 
its character at certain regular elliptic elements of G. Recall that the irreducible 
constituents of ind B A are 7r 2 (A) and a non-tempered representation 7r n (A) and that 
the set II' = {tt s (X) , ir 11 (X)} is an A-packet of G. Then IT' is the endoscopic lift 
from H to G of the character 

(4.3.1) f= (/iA 2 odet [/(lil) )(g)A 2 

of H, where /LtoyV = Ai| • I^^uje' i E [23 §12.2, §13.1], and E' is an unramified 
quadratic extension of E. Let oj be the central character of the elements of II and 
let / e C(G,lu). By [23 Thm. 13.1.1, Prop. 13.1.2], 

M/)+M/) 

where / 1— > f H is the endoscopic transfer from G to H (see [23 §4.3]). Thus 

(4.3.2) 9 n .=9f-6 n n, 

where 9^ is the distribution on G that arises from 9^ via endoscopy. The same 
equation holds for the functions on G rcg that represent these distributions. Let 7 
be an element of C whose image 7 in C is regular. Let 7' G C' be the conjugate of 
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7 by v and let 7' be its image in C'. In order to determine 7r s , we will evaluate the 
right-hand side of Ij4.3.2|l at 7 if Ail^x is trivial and at 7' if AjJ^x is nontrivial. 

First we compute Of(j) and G (7')- By (2H1 Lemma 12.5.1] and the particular 
form of 7, 

(4.3.3) 0f( 7 )= ]T *{cM w l), 

weW F (C_,H_)\W F (C,G) 

where c w is the class in 

V(C/F) := Ker^^C) -> H 1 (F,G)} 

represented by the cocycle {s(w)w~ 1 } (s £ Gal(F/F)) and k is the element of 
the dual oiV{C/F) corresponding to the endoscopic group H. Since Wp(C,G) = 
W(C, G), k{c w ) = 1 for all w e W F (C,H)\W F (C,G). Since W F {C,G) S S3 while 
|W^(G,H3I =2, we obtain 

0f (7) = £((71,72,73)) + £((73, 71,72)) + £((72, 73, 7i))- 
Evaluating this when Ai| x is trivial and using (|4.3.1|l . we get 

(4.3.4) 3(A 2 ® A 2 O A 2 )(7) = 3(A 2 ® A 2 A2X7). 
As in the preceding paragraph, 

ofw) = E «M£CV), 

ibEIVf (C' , #) \ W F (£' ,G) 

where c M is now the class in T>(C'/F) represented by {s(w)w~ 1 }. In this case 
W F (C_ , G) = S3 and \W F (C\ H)\ — 2. Then k(c\) — 1, and an easy calculation 
shows that if iu represents a nontrivial coset in W F (C_' , H)\W F (C' , G), then k(cu,) 
1 . Thus 

Of (V) = £((7i>72, 73)) - £((73, 7i, 72)) ~ £((72,73,7i))- 
We evaluate this when Ai| x is nontrivial. Using (|4.3.1|l . we obtain 

(4.3.5) (A;A 2 ® A 2 ® AiAa)(7) - (A 2 ® A;A 2 ® AiA 2 )(7) - (AiA 2 <8 AiA 2 ® A 2 )( 7 ). 

It remains to evaluate at 7 and 7'. Since 7 and 7 are regular elliptic and 7 G 
G a , ?/ is the unique fixed point of 7 in B by Lemma |2~T1 Then |241 Lemma III. 4. 10, 
Theorem III. 4. 16] implies that 

(4.3.6) ff „(7) =trace(7|(7r") G «+) . 

The analogous formula holds for 7' and z. Hence we must determine (7r n ) G «+ and 
(tt") g -+. 

Recall that 7r n (A) and 7r 2 (A) are the irreducible constituents of ind^A. Let A be 
the character of M determined by A. Since G — G y B, we have that for any x E 

RescvndgA = ind^^A = ind G Mndf » Gy A, 

G G — 

which contains p y := indg," A, the inflation to G y of the representation p y :— ind B H A. 
Since p y is trivial on G y +, this implies that the space of Gy+-fixed vectors in ind^A 
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contains p y . Moreover, by Mackey's theorem and Frobenius reciprocity, 
Hom Gj+ (1, Res Gj(+ indg A) = Eom Gy+ ( 1, mdf^ nGy+ 9 X 

V geG v+ \G/B 

= Hom 9BnGy+ (l,SA) 

geG y+ \G/B 

= Hom sB nG„+ (1, 1) ■ 

geG v+ \G/B 

The dimension of this space is \G y +\G / B\, which (since G = G y B) is equal to 

\G y+ \GJ{B n G y )\ - |G V /B„| = dim Py . 

Hence the space of G !/+ -fixed vectors in ind^A is isomorphic to p y . 

Since the vertex z is special, the Iwasawa decomposition G = G Z B holds, where 
B is the Borel subgroup opposite B with respect to M. Then an argument similar 
to that in the preceding paragraph shows that, as a representation of G z , the space 

G ' — G ~~ 

of G^-fixed vectors in ind-g-A is isomorphic to p z = ind B ~ A. 

Now let v equal y if Ail^x is trivial or z if Ai| x is nontrivial. Let 7r be either 

7r 2 or 7r". By Jl] Thm. 5.2], for x £ J 7 , (G x ,X\m ) is a J^-type contained in 7r 
(where we have identified G x /G x + and Mq/Mq^). Thus, as a representation of B^, 
7r Gx + contains the character A of B„. By Frobenius reciprocity, n Gv + contains a 
subrepresentation of p v . Since A extends to a character of G„, p v is reducible with 
two irreducible constituents. Replacing A by a Weyl conjugate if necessary, we may 
assume that ir 2 is a subrepresentation of ind^A, so that we have the exact sequence 

— > ir 2 — ► indgA — ► rr" — ► 0. 

Taking G„_|_-fixed vectors, we obtain the exact sequence 

— > (7T 2 ) G "+ — > p v — » (7T™) G "+ — 

of representations of G v . It follows that as a representation of G„, 7r G "+ is an 
irreducible constituent of p v . 

According to *I2.5I the irreducible constituents of p v are a one-dimensional rep- 
resentation ip and the representation StG„(V0' Here 

tp = (A'j o dett7(i,i) o Pv) ■ (A 2 o detcj, 

where p v : G^ — ► U(l, 1) is trivial if v = y or the projection onto the E7(l, 1) 
factor of G 2 = U(l, 1) x £7(1) if « = 2. Suppose that (7r 2 ) G "+ = ^. Then G„ 
acts via the character ip on any nonzero vector u € (tt 2 ) "+. Let (7r 2 ) v be the 
contragrediant representation of 7r 2 . Then G„ acts via ?/> _1 on any nonzero vector 
u' G ((7r 2 ) v ) G "+. An easy computation shows that the matrix coefficient c UtU > is 
not square-integrable. It follows that u ^ ir 2 and hence that (7r") Gl, + = ■0. Thus, if 
Ail^x is trivial, then from l|4. 3.6(1 . 

ff »( 7 ) = trace ( 7 |(7r n ) G «+) = V( 7 ) = (A 2 ® A 2 <g> A 2 )( 7 ). 
On the other hand, if Ail^x is nontrivial, then from l|4.3.6|) . 

9^{i) = trace {i\{* n ) Gz +) = V'(f) = W A 2 <g> A 2 <8 AiA 2 )( 7 ). 
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Combining these calculations with 1(4. 3. 4J) . 1(4.3.5(1 and ((4.3.2(1 . we find that if Aij^x 
is trivial, 

(4.3.7) ^( 7 ) = 2(A 2 ®A 2 ®A 2 )(7), 
while if AiL x is nontrivial 

<Mt) = -(A 2 ® A' X A 2 <g> AiA 2 )(7) - (AiA 2 O AiA 2 <g> A 2 )(7). 

Suppose that Ail^x is trivial. Since 7r s is a depth-zero supercuspidal represen- 
' E 

tation, Lemma 14.31 implies that 9^° (7) is equal to the evaluation at 7 of a linear 
combination fi of characters of C depending only on 7r s . Letting 7 vary over all 
elements of C that are regular in G and that have regular image 7 in G y , we obtain 
from 1(4.3.7(1 that p = 2(A 2 <£> A 2 <8> A 2 ) on the set of regular elements of C. By 
Cor. 12.61 it must be the case that p = 2(A 2 £g> A 2 (g> A 2 ). By the linear independence 
of characters of C, p must have the character A 2 (g> A 2 <g> A 2 as a summand. Hence, 
by Lemma 14.31 ir s must be equivalent to ind G cr, where a is the inflation to G y 
of t • (A 2 o det). This proves (i). A similar argument with 7' replacing 7 proves 
(ii)- " □ 

We now determine the L-packets of G of size 4. Fix distinct characters Xi> X2, 
and X3 of k\. Let x be the character Xi ® X2 ® X3 °f ^ x ij; x ijj. Define regular 
characters x*' 1 '*! X ; an d X of C' by 

x (1) =x 

X {2) =X2®Xz®Xi 

X (3) = X3 ®Xl ®X2- 

Note that each x^' is equal to w x for some u> € Wk F (C ,G Z ). Let ct be the inflation 
to Gy of the cuspidal representation a of Gj, with character —Rq" X- For i = 1, 2, 3, 
let be the inflation to G 2 of the cuspidal representation <7j of G 2 with character 
— i2^f x^- Then cti,<t 2 , 0-3 are distinct by |27l p. 139]. Define ttq = ind^er and 7Tj — 

ind G (Xi (i — 1,2,3). By |21j . these representations are inequivalent supercuspidals 
of depth zero. For v — y or z, let o~ v be the inflation to H v of the cuspidal 
representation of H v with character — Rj v x, where T = C if v = y, and T = C' if 
v = z. Define p v — ind^er,j. Then p y and p z are inequivalent but conjugate by an 
element of PGL 2 (F) x {1}, and hence {p y , p z } is an L-packct for H. 

Proposition 4.5. The set {ttq, tti, 7t 2 , ^3} is an L -packet for G and is the endo- 
scopic transfer of {p, p'}. 

Proof. Let R = {p y , p z } and let II be the transfer of R from H to G. Then II has 
size four by |23 Prop. 13.1.2]. Let n' , ir[ , ir' 2 , 7r 3 be the elements of II. Then the 
7T- are supercuspidal by |2U Prop. 13.1.3(b)]. That they have depth zero follows 
from our assumption (see the Introduction) that the transfer preserves depth. Set 
Or — p + 6 Pz . Let 9^ be the endoscopic transfer of 9r from H to G. It follows 
from Thm. 13.1.1, Prop. 13.1.3, Lemma 12.7.2] that 

(4.3.8) 0% = 9 K + 9 K - 9 A - 6„, 3 

for some ordering of the ■n' i . Let 7 and 7' be as in Proposition ^. 41 We will compute 
6^(7) and 6^(7') to determine the 7T-. 
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Let 7* be either 7 or 7', and correspondingly let T be either C or C . According 
to [23 Lemma 12.5.1], using the notation in the proof of Proposition 14. 41 

0g(7*) = £ ^c^ev). 

w e Wjr (T, #) \ W F (T , G) 

As in the proof of Proposition ECT if 7* = 7, then k(c w ) = 1 for all w € I^f(<Z ilAWMCL G), 

while if 7* = 7', then k(ci) = 1 and /{(cm) = —1 if w represents a nontrivial coset 

in W F (C',H)\W F {C',G). Since 7* e H and 7* e H are regular elliptic, 7* lies 

in a unique maximal parahoric subgroup i?„ of H by Lemma 12.11 (where v = y if 

7* = 7, and w = z if 7* = 7'). Let u be either y or z. It follows from Proposition l7.ll 

and E3 6.9] that 

f - E ""W) iiu = v 

where we identify Wk P (T, H) with W>(T,ir) C W>(T,G). Hence 

^(7) = - E ^(7), 
(4.3.9) "^'^ 

= - E t» w x{% 

wew kF (c,G) 

where d w = 1 if w S Wfc^C, H) and dm = — 1 otherwise. 

As observed in the proof of Proposition 14.51 Lemma 14.31 implies that 6*^ (7) is 
equal to the evaluation at 7 of a linear combination /ij of characters of C depending 
only on tt^. Therefore, evaluating H4.3.8(l at all 7 of the above type and using (|4.3.9J) . 
we obtain 

E ""x = Mo + Mi - M2 - Ms 

w£W kF (C,G) 

on the set of regular elements of C. Then, by Cor. 12.61 this equation must hold at all 
elements of C. It follows from Lemma l4~3l and the linear independence of characters 
of C that, after possibly reordering, ir' must be equivalent to ttq and that the other 
elements of the L-packet must be induced from G z . Evaluating (|4.3.8|l at 7' of 
the above type and using a similar argument, we obtain that tt[ = tti and, up to 
reordering, 7r 2 ' = 7T; for i = 2, 3. □ 

5. Explicit base change for G 
5.1. Packets consisting of principal series constituents. 
Proposition 5.1. Let X e Hom(M,C x ). 

B 



(i) If 'md B \ is irreducible and hid- A is irreducible, then the base change lift of 



the L-packet {ind^A} is ind~A. 

(ii) If ind^A is irreducible but ind~A is reducible, then Ai|j?x = | l^ 1 , and the 

base change lift o/jind^A} is ind~((AiA2| • l^ 1 ^ 2 detaL(2)) ® A2J ■ 

(Hi) If Ai = I l^ 1 , then the lift of the L-packet comprising the one- dimensional 
constituent ip = A2 o det<3 (respectively, the Steinberg constituent Sta(^)) of 
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ind^A is the one- dimensional constituent ip = A2 ° detg (respectively, the 

Steinberg constituent Stg(^) / ) o/ind^A. 
(iv) If\i\px is trivial and \i is nontrivial, then the lift of the L-packet {-7ri(A), ^(A)} 
is ind~A. 

Proof. Cases (i), (iii), and (iv) follow from [23] (Prop. 4.10.2 and the paragraph 
before Theorem 13.2.1). To prove case (ii), note that up to the action of the Weyl 
group, we may assume that A is positive with respect to B. The paragraph before 
Theorem 13.2.1 in [221 then implies that the base change lift of {ind B A} is the 
Langlands quotient of ind^A. This quotient is the desired representation. □ 

5.2. Stable supercuspidal representations. Suppose tt is a depth-zero, stable, 
supercuspidal representation of G. From Prop. 14.21 ir G y contains the inflation a 
of a cubic cuspidal representation a of G = Gj,. Then Figure ^ illustrates how 
to construct representations tt and ff' of GT. We can describe base change for tt 
explicitly by showing that tt and tt' are equivalent, provided that the extensions 
from G to GT and from G to Gr are chosen in compatible ways. 

Remark 5.2. Recall the Cartan decomposition for G: The diagonal subgroup M 
determines a root system $ for G, and the Borel subgroup B determines a positive 
root system $ + inside $. Let M + denote the set of all rn G M such that a(m) has 
positive valuation for all a € <f> + . Then 

G= |J G y mGy. 

m£M+ 

Moreover, to, to' 6 M + represent the same double coset if and only if to' 6 tuMq. 

Lemma 5.3. Every conjugate of ZG y T in GT is of the form 9111 (ZG y T^ , where 
g € G y , to e M + . 

Proof. The normalizer of ZG y T in GT is ZG y T itself. Therefore, the conjugates of 
ZGyT correspond to the cosets in GT/ZG y T = G/ZG y . The lemma now follows 
from the Cartan decomposition. □ 

Remark 5.4. Recall that an inner automorphism of G acts on the extended Dynkin 
diagram either trivially or via a rotation. Thus, if g G G stabilizes the alcove 
A C B lcd and fixes some point in the closure of A not equal to the barycenter of 
A, then g must fix A pointwise. 

In the next result, we use the fact that G y (in addition to being a quotient of 
G y ) is a quotient of ZG y . 

Proposition 5.5. Let a be the inflation to G y of a cubic cuspidal representation 
a of G y , and let a be the Shintani lift of a from G y to G y . Let tt = md^ a. Then 
the base change lift of the L-packet {tt} is 

ind lc/' 

where a is the inflation to ZG y of a. 
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Figure 1 . Two ways of constructing representations of GT 



Proof. Let tt be the base change lift of {n} and let ir' = ind^ a. Since 8^ is stable 

by Proposition ^. 21 6># i£ is a stable e-class function on G e ~ reg according to [23 §12.5]. 
By |21 Prop. 6.8], tt' is a supercuspidal representation of G of depth zero. Also, 

e i' S indf =, £ b~ S tt 7 

since cr is e-invariant as it is in the image of the Shintani lift. Since n' is e- 
invariant, tt' is the base change lift of a singleton supercuspidal L-packet {tt'} 
by |23 Prop. 13.2.2]. But then, as in the case of tt, 9%i e is a stable e-class function. 
Moreover, it is easily seen (under the assumption that tt has depth zero) that the 
central characters of tt and tt' are identical. Furthermore, according to |2.'{l §13.2], 
we may choose 7r(e) and 7r'(e) so that = Q n o]\[ and 9„i >e = 9 n i oJV (see H2.1JI . 

If ot\ and a.2 are stable e-class functions on G 6 ~ reg that transform under Z via 
the same character, then the £-elliptic inner product of a\ and «2 (see |23I §12-5]) 
is defined by 

(5.2.1) {a 1 ,a 2 ) e = y2\W F (T,G)\- 1 [ D G (Af(S)) 2 ai (S)^(S)dS, 

TeC J ZT N \T 

where C is a set of representatives for the stable conjugacy classes of elliptic Cartan 
subgroups of G, T is the centralizer of the Cartan subgroup T in G, T M is the 
kernel of the norm map on T, and Dq is the discriminant. 

By [231 Prop. 12.6.2], in order to prove that tt = tt' , it suffices to show that 

We will verify the non-vanishing of this inner product by showing that the two 
twisted characters agree on T for each TeC. 
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By Proposition 14.21 the stability of tt' implies that tt' , like tt, is induced from 
the inflation a' to G y of a cubic cuspidal representation a' of Gj,. Since a and a' 
both arise via Deligne-Lusztig induction from a cubic Cartan subgroup of G y , these 
representations agree on unipotent elements of G y 27 6.9]. It follows that 9„ and 
Qti> agree on Go+. Since tt and tt' have the same central character, 9 V and 9^ agree 
on ZGq+. 

Let T e C, S e T n G £ - rog , and 7 = N{8). If 7 G ZT 0+: then 

We may therefore assume that 7 S T \ ZTb+ . 

If no conjugate of 7 is contained in G y , then both 0# jE (5) = ^(7) and 9%t je (8) = 
6*^/(7) vanish by Proposition l7.ll We may therefore assume that 7 € G y . 

We may assume that that T is not of type (|2.4l -0). since such tori are not elliptic. 

Suppose that T is of type lj2.4H ) or l|2.4l-2). As in the proof of Proposition ^. 21 
since 7 G T \ ZTq + , the semisimple part of the image 7 of 7 in G y is not contained 
in a cubic torus of Gj,. Therefore, by |271 6.9], 9 S and 9 s i vanish on 7. Thus, again 
we have 

0nAS) = M7) = = Mt) = 6*>A 5 ) 

by Proposition 17. II 

Now suppose that T is of type (|2.4h 3). Then there exist cubic extensions L 
of E and K of F such that L — EK and T = Ker(N L / K ). In particular, 
we may identify T a+ with Ker(N L / K ) n (1 + Pl) and Z with E 1 . We there- 
fore have ZT 0+ = E 1 [Ker(N L/K ) n (l + p L )]. If L/E is totally ramified, then 
[Ker(AT i/A: ) n (1 + p L )] = Ker(N L/K ) so T \ ZT 0+ is empty, and there is noth- 
ing to prove in this case. We may hence assume that L/E is unramified. Since T is 
determined only up to stable conjugacy, we may also assume that T fixes the point 
V- 

Let 7 be the image of 7 in the cubic torus T C G r Since 7 ^ ZTq+, 7 is not 
central in Gj,. Thus 7 is regular elliptic, so by Lemma l2.ll 7 is contained in a unique 
parahoric subgroup of G, namely G y . Thus 

0* (7) = k (7) 

by Proposition 17. II It suffices to show that 05p, e (<5) = 0^(7). 

Extend tt' to a representation (also denoted 7r') of Gr in a manner compatible 
with the choice of 7p(e) made in the beginning of the proof. Then 

o*>AS) = Mfe). 

As a representation of Gr, 

~/ ^ • .Gr 

* = md ZG y r CT ' 

where cr is extended compatibly from G y to G y T. This extension determines an 
extension of a to Gj,r, and we let 9 S be the corresponding twisted character. 

By Proposition to compute 0s'(fe), we must determine which conjugates of 
ZG y T contain Se. Since 

T M T ^ K x Ol =L X = T, 

and since 05-', £ ((5) only depends on 6 modulo T^, we may assume that 5 € Tq. Since 
T fixes y, S S T c G y so fc e G y T. 
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Now suppose that Se is also contained in another conjugate of ZG y T. By 
Lemma 1531 any such conjugate is of the form 9m (ZG y T), where g £ G y and ra/1 
is in M+. If Se £ 9 ' m (ZG y T), then ^"^(fe) £ ZG y T so 

m~Ve(m) £ ZG y , 

where 5' = g~ 1 8e(g) £ G y . Thus S'e(m) £ mZG y so e(m) and mc represent the 
same double coset in G y \G/G y for some c £ Z. Since e(rn),mc £ M + , we have 
e(m) £ mcMo by Remark |5. 21 It follows that 8' is in m (ZG y ) = G my Z as well as 

Gy. ^ 

Let y be the image of y in B rcd . Then 8' fixes y and my, hence fixes the line 
segment [y, my] in B lcd . Since e(m) £ mcMo, we have e(my) = my so that [y, my] 
intersects the (open) triangle A C 2? red non-trivially. Hence 8' stabilizes A. From 
Remark 15.41 8' must fix A pointwise. Thus 8' is contained in G^Z, where G^ is 
the standard upper-triangular Iwahori subgroup of G. The image 8' of 8' in G y is 
therefore contained in the Borcl subgroup B y of upper-triangular matrices in G y . 
Since B y is e-invariant, 8'e(8') is also contained in By. Hence the eigenvalues of 
8'e(S') lie in fc*. But 8'e{8') = Af(8') = Af{g- l 8e{g]) = g" 1 ^, where g is the 
image of g in G y , so the eigenvalues of 8'e(5') are the same as those of 7. The 
eigenvalues of 7, however, lie in k\ \ fc]j since 7 is a regular element of the cubic 
torus T. This contradiction shows that 8e is contained in a unique conjugate of 
ZG y T, namely ZG y T itself. 

We therefore have from Proposition 17 . II that 

e~, e ^) = ev(8e)=0 B {8e) = e he (8)- 
But a is the Shintani lift of a (see ^21) so the last expression is equal to 

(Here the twisted character e as chosen above is not a priori equal to 9 S oM since 
this choice is not necessarily the one that is compatible with the Shintani lifting. 
Nevertheless, it is at worst off by a sign by the discussion in 12. 11 *1 At the same time 

0S', E (£) = M7)=M7), 

so (7) = ±#3(7). It is easily seen (e.g., from the character table in JH]) that 
there is no cubic cuspidal representation a' of satisfying 9g'{^) = for all 

regular elements 7 of cubic tori. Thus 

and the theorem follows. □ 
5.3. Non-singleton L-packets containing supercuspidals. 

Proposition 5.6. Let X be a character of M of depth zero such that X\\px = 
ue/f\ ■ If 1 - 

(i) The base change lift of the L-packet {tt 2 (X), 7r s (A)} is 

indf (St^ ((AiA 2 | • \f /2 o det GL(2) ) ® A 2 )) . 



24 



JEFFREY D. ADLER AND JOSHUA M. LANSKY 



(ii) The base change lift of the A-packet {7r"(A), 7r s (A)} is 

indf ((AiA 2 |-|| 1/2 odet GL(2) )®A 2 ). 

Moreover, the above two base change lifts are precisely the irreducible constituents 
of the principal series representation ind~i(A). 

Note that the proposition has the same content if we restrict the choice of expo- 
nent in the hypothesis to be +1 (or to be —1). 

Proof. This follows from |23l §§12-13]. More precisely, let £ be the character 

(/xA 2 o det c/(lil )) ® A 2 

of H, where 

fioAf = Ai| ■ \^ 1/2 uj e , /E , 

E' an unramified quadratic extension of E. (Here, we are identifying H with 
U(l,l){F) x U(1)(F).) Let p = St H (£). Then, by Prop. 13.1.3(c)], the L- 
packet {tt 2 (X) , tt s (X)} on G is the lift of the L-packet {p} on H. It follows from 

[23 Prop. 13.2.2 (c)] that the base change lift of {n 2 (X) , ir s (X)} is indf (p'), where 

p' is the "primed" base change lift (see [231 811.4]) of p from H to F. But by [23 
§12.1], 

where £' is the character 

(u)E'/e(v-M oTV) o det GL(2 )) ® A 2 = (AiA 2 | ■ || 1/2 o det GL(2 )) ® A 2 . 

This proves (i), and (ii) follows analogously from 123 Prop. 13.1.3(d)]. 

The final statement follows from the proof of |2S1 Lemma 12.7.6]. □ 

Recall the notation of Proposition 14.51 Let IT be the supercuspidal L-packet 
{7To, 7Ti, 7r 2 , 7T3}, and let R = {p v , p z } be the L-packet of H that transfers to LI. 

Proposition 5.7. TTie &ase change lift of the L-packet LI = {ttq, 7Ti, 7T2, ^3} is 
ind-iy*; where x* is inflation to M = E x x E x x E x of 

X = Xi ® X2 ® Xs G Hom(M, C x ). 

Proof. This also follows from |2.'il §§12-13]. Note that since E/F is unramified, M 
is a quotient of M, so the definition of x* makes sense. Let p' be the "primed" 
base change lift (see §11.4]) of R from H to H. By Prop. 13.2.2(c)], the 
base change lift of II is indp(p'). By |23l §12.1], R is the transfer from C to H of 
some character tp of C. Let 9^ be the distribution on H that arises from 9 V = <p 
via endoscopy. Let B' be a Borel subgroup of H containing C. Then by [231 §12-1], 
p' is the representation inds,<j5. Hence the base change lift of n is 

ind^ind^,(^ = ind^,(p. 

We now determine ip. 

Since R has depth zero, ip must as well. Also, 

(5.3.1) e*=±{o p -e pl ) 
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by 1 2. '{I Prop. 11.1.1(b)]. The same equation holds for the functions that represent 
these distributions. Let 7 be an element of C whose image 7 G C is regular in H y . 
As computed in the proof of Propositon l4.5l 

= - E w *w> 

while 9 p i (7) = 0. Hence the evaluation of the right side of l|5.3.1|) at 7 is 

± e 

The analogue of l|4.3.3|) for the transfer from C to H implies that 

<(7)= E ^r7)= E ^(7), 

neffffC,!) to£H' tF (C,H) 

where (j5 is the character of C determined by ip. Using l|5.3.1|) and letting 7 vary 
over all elements of the above type, it follows that 

E E w x 

on the set of regular elements of C, hence on all of C by Cor. 12.61 By the linear 
independence of characters of C, it follows that <p = w x for some w € Wk F {C,G). 
Since tip is in the image of the base change lifting from C to C, it follows from [231 
§12.4] that tip is trivial on elements of C of the form (xu a , w b , w c ). Since tip has depth 
zero, tip must be the inflation to C of w x for some w. Thus w tip is the inflation to 
C of X) where w is viewed as an element of W(C, G). Moreover, 

7r = ind~,(^ = ind~i, u ' 

Finally, note that by conjugating by a suitable element, one can send B' , C, and 
w tip respectively to B, M, and x* ■ The theorem follows. □ 

6. Compatibility of base change and if -types 

In this section we prove the Main Theorem, as stated in ^ Throughout, II will 
denote an i-packet of G and tt the base change lift of Id. 

6.1. Principal series L-packets. As in ij5.ll suppose II consists entirely of con- 
stituents of the depth-zero principal series ind B A. Since each element of II has 
depth zero, ind'gA and hence A have depth zero by |^ Theorem 5.2]. It follows 
from that for any x G T , (G x , A|m ) is a K-type of each element of II, where 

M is identified with G x /G x+ . Similarly, (G x , A)|jj o is a if- type of tt — ind^A (see 
Proposition 15. lfl . where G x /G x + is identified with M. Denote by A the character 
of M that inflates to \\m - Then A|jj is the inflation to Mq of the character A of 
M. As required, this is the Shintani lift of A from M to M. 
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6.2. Singleton supercuspidal L-packets. Now suppose that II is a singleton 
supercuspidal L-packet {tt} of depth zero. Then, by Proposition 14.21 tt is of the 
form ind^cr, where a is the inflation to G y of a cubic cuspidal representation a 
of G y . Then (G y ,a) is a if-type of tt by 21, Prop. 6.2]. Similarly, it follows from 
Proposition 15.51 and |21l Prop. 6.2] that (G y ,a) is a if-type of ff, where a is the 
inflation to G y of the Shintani lift a of a from G y to G y . Hence the theorem holds 
in this case. 

6.3. Supercuspidal L-packets of size four. Recalling the notation of Proposi- 
tion suppose that II = {ttq, tti, tt2, tt^} is a depth-zero supercuspidal L-packet. 
By [21 Prop. 6.2], (G y ,a) and (G z ,<Ji) are If -types for tto and the TTi (i = 1,2,3), 
respectively. 

According to Proposition 15.71 ff is the principal series representation ind^x*, 
where \* is the inflation to M = E* x E* x E x of 

X = Xi®X2®X3 GHom(M,C x ). 

View X*Im as a character of G x (for any x G J-) under the identification G x — 
M. Then, by [21 Thm. 5.2], {G x ,X*\m ) is a if-type for ff. Since ff contains 
(G x , \* |^ o ), it follows that, as a representation of B y , ff Gx + contains the character 
X of By. Hence, by Frobenius reciprocity, ff G " + contains a subrepresentation of 
ind? M x- But ind-"^ is irreducible, as x is m general position, so ff Gy + contains 

By By 

ind? y x- This is the Shintani lift of a from Gj, to Gj, (see !2.6|) . 

By 

Identify G z with H C G. Now, bv !2.6l the Shintani lift of Oi is ind^C^x) for an 
appropriate w € W)t F (M, G) . The argument in the preceeding paragraph, applied 
to indf ( w x*) = ind|x* (where we identify W kF {M, G) and W^(M,G)), shows that 
ff G2 + contains ind~* (""x)- 

6.4. L-packets and A-packets of size two. Now suppose n is an L-packet of 
the form {tt 2 (X) , tt s (X)} or an A-packet of the form {tt ti (X) , tt s (X)} for some A S 
Hom(Ai,C x ) of depth zero (see case $F7P S-2) and JOJ). Both tt 2 (A) and tt"(A) 
are constituents of the principal series ind^A. It follows from [21] that both ind^A 
and A have depth zero and that for any x in T ', (G x , A|m ) is a if -type for both of 
these representations. By Proposition l5.6l ff is always a constituent of the principal 
series ind^A. Therefore, as above, (G^AI^) is a if -type for ff. But A|^ o is the 

inflation of A e Hom(M, C x ), where A € Hom(M, C x ) is the character that inflates 
to A|a/ . This shows that the theorem is true for 7r 2 (A) and 7r"(A). 

It remains to consider 7r s (A) (both as an element of {tt s (X) , tt 2 (X)} and as one 
of {tt s (X), 7r n (A)}). Let Ai, A2 be the respective characters of E X ,E 1 determined 
by A according to 1)2. 7. Suppose first that Ail^x is trivial. Then Proposition ^. 41 

implies that (G y ,a) is a if -type for 7r s (A), where a is the inflation to G y of r • 
(A2 o det). Here A2 is the character of k\ determined by A2, and r is the cuspidal 
unipotent representation of Gy. From H2.6I the Shintani lift of r • (A2 o detc ) from 



DEPTH-ZERO BASE CHANGE FOR UNRAMIFIED (7(2, 1) 



27 



G y to Gy is 

(6.4.1) f -(Aaodetg ), 

— y 

where f is the unipotent representation of G y that is neither the trivial nor the 
Steinberg representation. Let a be the inflation of this representation to G y . Propo- 
sition ED states that the base change lift n of II is 

indfp', 

where p' is either a one-dimensional representation £' of H or St^(£'). 
Suppose that p' = By Proposition E23 

l'-(AiA 2 |-|^ 1/2 odet GL(2) )®A 2 . 

Using Mackey's theorem and Frobenius reciprocity, we have 

Rom dy {a 7 Res dy mdft) = Hom^ (a, ind~*~ J') 
= Rom PnSy (a,i') 

(6.4.2) =Kom~ pndy (&-Z>-\l), 

where we interpret a ■ as the product of the restriction of each factor to Pfl G y . 
Identify G y with G. Since Ai| x is trivial, |'|p n g is the inflation to Pn G y of the 

character A 2 o detj^ of H. It follows that a ■ is the restriction to P n G y of the 

inflation to G y of f. Since both a ■ and 1 are trivial on G y +, (|6.4.2I) can be 
identified with 

Honip(f, 1), 

where P is the parabolic subgroup of Gj, whose inverse image in G y contains P(lG y . 
By Frobenius reciprocity, 

Homp(f,l) = Hom g (f,ind5 B l). 

It is easily seen that ind~ y l has two irreducible components: the trivial represen- 
tation and f. Hence 

dime Hom^ (ct, Res^ ind~£') = 1. 

In particular, as a representation of G y , ir Gy+ must contain a, as required. 

Now suppose that p' = St^(f'). By Proposition 15. 61 the representations ind~p' 
and ind~£' are the irreducible constituents of ind~ A. For all x G T 

Res;; ind~A = ind? B ~ A = ind? v md?* ~ A, 

Gy B BnG y G x BnG y ' 

G ~ — G ~ — 

which contains ind^A, the inflation to G y of the representation ind~ y A. (Here A is 

Gsc ■ By 

G ~ 

the character of M determined by A.) Moreover, ind~ H A contains two copies of the 
representation (|6.4.1|l since 

(indl'^-^odetg )=ind|"l 
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contains two copies of f . Therefore, 

dime HoniQ (a, ind~A) > 2. 

Since 

dime Hom^ (ct, Res^ ind^f') = 1, 

it follows that 

Homg (o-,Resg ind-p') ^ 0. 

Hence, as above, tt Gv+ must contain a. 

On the other hand, suppose that Ai| x is not trivial. Let Aj be the character 

of k\ determined by = \\. Let a be the inflation to G z of the cuspidal 

representation a of G z with character —Rq* X, where 

X = AiA 2 <g> AiA 2 ® A 2 . 
Then (G z , cr) is a if-type for 7r s (A). By i i2.6l the Shintani lift a of a from G 2 to G z 
is ind~*x> where \ = MM ® AiA 2 A 2 . 

Now in both the -L-packet and A-packet cases, tt is a constituent of ind^A by the 
proof of Lemma 12.7.6]. Hence {Gx, w Mm ) ^ s a ^~tyP e of 7T, where x is any 
point in T and id € WV(M, G). As in the case above where 7r is supercuspidal of 
type H2.7B C-4L it follows by Frobenius reciprocity that 7r Gi + contains a subrepre- 
sentation of ind? z ( tu A), since w A|-^ o is the inflation of the character W X of M (where 

we have identified Wf(M. G) and Wk F (M,G))- Using the fact that Ai| x is trivial, 
one finds that 

A = AiA 2 ® A 2 ® AiA 2 

so for an appropriate w, 

W X = AiX 2 ® AiX 2 ® A 2 . 
Thus ind-^C^A) = ct, so 7r G!, + contains the irreducible representation ct. 

7. On Induced characters of nonconnected groups 

Let G now denote the group of rational points of a reductive group defined over 
a nonarchimedean local field. In particular, we do not assume that G is connected. 
We will, however, assume that G is a semidirect product of its connected component 
G° and its component group F, and that G has a T-invariant special parahoric 
subgroup. Suppose H is an open subgroup of G that is compact modulo the center 
of G. Let p denote an irreducible, smooth representation of H, and let ir denote 

G 

the compactly induced representation ind^p of G. Let K denote a compact open 
subgroup of G. 

Proposition 7.1. For g e G 10g , 

Ms)= £ ( E e p {b- l 9 b)), 

aeK\G/H beKaH/H 

where 9 P is extended to G by zero. For each g, all but finitely many terms of the 
inner sum vanish. 



Proof. This is identical to the proof of Theorem A. 14 of (Sj 



□ 



DEPTH-ZERO BASE CHANGE FOR UNRAMIFIED [7(2, 1) 
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